Stability analysis of the Randall-Sundrum braneworld in presence of bulk scalar 
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The stability problem of Randall-Sundrum braneworld is readdressed in the light of stabilizing 
bulk scalar fields. It is shown that in such scenario the instability persists because of back-reaction 
even when an arbitrary potential is introduced for a canonical scalar field in the bulk. It is further 
shown that a bulk scalar field can indeed stabilize the braneworld when it has a tachyon-like action. 
The full back-reacted metric in such model is derived and a proper resolution of the hierarchy 
problem (for which the Randall Sundrum scenario was originally proposed) is found to exist by 
suitable adjustments of the parameters of the scalar potential. 



Standard model for strong, weak and electromagnetic 
interactions based on the gauge group SU{3) x SU{2) x 
t/(l) has been extremely successful in explaining physi- 
cal phenomena upto TeV scale. Such a model, however, 
encounters the well known fine tuning problem in con- 
nection with Higgs mass related to the gauge hierarchy 
problem which refers to the vast disparity between the 
weak and Planck scale. By invoking supersymmetry one 
can resolve this problem at the expense of incorporat- 
ing a large number of (hitherto unseen) superpartners 
in the theory. In an alternative approach, theories with 
extra spatial dimension(s) have attracted a lot of atten- 
tion because of the new geometric approach to solve the 
same problem and also the distinct features from ordi- 
nary Kaluza-Klicn theory. In such models the standard 
model fields are localized on a 3-1-1 dimensional brane 
[E Hi Hi H; Hi Hi Q where gravity can propagate in the 
bulk spacetime. One of the most theoretically appealing 
and phenomenologically interesting model in this context 
was proposed by Randall and Sundrum (RS) 4] where 
the mass hierarchy emerged naturally in an exponentially 
warped geometry along the extra dimension. The model 
contains two 3-1-1 dimensional branes sitting at the two 
orbifold fixed points where the single extra dimension in a 
4-1-1 dimensional bulk has been compactified on a S\jZi 
orbifold. The model contains two parameters namely 
the bulk cosmological constant A and the brane sepa- 
ration Tc. The geometry and the Higgs mass is warped 
exponentially by a dimensionless parameter fcrc, where 
k = ^-A/24M3, M being the 5D Planck mass. For 
the desired warping one should have kvc ~ 11. If fc ^ 
Planck mass then, r^ should have a stable value near 
Planck length. To stabilize the value of r^, Goldberger 
and Wise (GW) Q proposed a simple mechanism by in- 
troducing a minimally coupled massive scalar field in the 
bulk. Later several other works have been done in this 
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direction H E [H El. In the original work of GW 
the effect of back-reaction of the scalar field on the back- 
ground metric was neglected. Such back-reaction was 
later included in subsequent works and a modified so- 
lution for the metric was found |l3[ Il4l | . In this paper 
we carefully re-examine the stability issue in the back- 
reacted RS model when the scalar field is introduced in 
bulk. We show on a very general ground that stabiliza- 
tion is not possible with a minimally coupled scalar field 
in the bulk. Following GW we subsequently show that 
if the dependence of scalar field action on the extra co- 
ordinate is tachyon-like then we can stabilize the brane 
world and the stabilized value of Tc can produce the de- 
sired hierarchy from Planck scale to TeV scale. 

Let us first consider the following bulk action [3, [13; 
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where {0^} = {(/)i • • • 0„} are a set of n scalar fields with 
a mixed potential V{{(f>i}) and the index a runs over the 
brane locations. The corresponding brane potentials are 
denoted by Xa- 

Taking the line element in the form 



ds^ = e-^'^'^yh^f.^dx^dx" 
the field equations are given as 
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where prime {'} denotes partial differentiation with re- 
spect to the extra spatial coordinate y. 
The boundary conditions are 

r)\ 1 

WL = ^ ; m. - ^Mi^'^})- (4) 

Denoting C = 1/24M3, it follows 

A'^ = 2c{y^^f~2v\; A"=4C^0f (5a) 



AA'. 



dV 
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In order to obtain analytic closed form solutions we 
resort to the particular class of effective potentials as in 
refs. [13, [13: 
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where 



WiW^}) = EW^,(0.) 
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is a sum of n superpotentials {Wi{(f>i), • • • , VF„(0„)}. 
Eqs.(|SJl lead to the first order equations: 
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Following GW |i8|, we calculate the effective potential 
Veff on the 3-brane as: 



Veff =2 dy e 
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where the Planck brane is located at y = and the visible 
brane is at y = y^, and we have used the notations: 
■^^ = 0-*(y = 0), 07 = (t)r{y = y^) for i = I,--- ,n. 
Using the boundary conditions Q) which now take the 
form 



dW 
d(j)i 
dW 



2^ (10a) 
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[W{{^,})], = 2Ao({0a) 

[W{W^})]y^ = 2A.({0J) 
the brane potentials Xo{<p) and XTr{<p) are given by [1 

n 

Ao({0O) = W{{q>'^}) + J2 
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where the constants 7oi and 7^^, (for i = 1, • • • ,n) are 
parameters of various potentials. 

Now, in order to have extremum for the above effective 
potential at some value of j/jr (= ys, say) 



dV, 



eff 



dy^T 



= -ACe-^^'^y^^Wiy.f = 0. (12) 



y^=ys 



which implies W{y.,^) = as well as d'^V^j ^ I dy\ = 
£^t j/tt — ys- On the other hand, the third derivative is 
given by 
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(13) 



which is clearly non-vanishing in accord with the above 
boundary conditions. Therefore, no extremum exists and 
we only have a point of inflection at the value of y^r = Vs 
for which W vanishes. 

Let us now resort to a general solution ansatz for the 
metric function A(^y) and single scalar field ^ so that the 
standard RS 4] solution is obtained in the limit where 
the scalar <i>(y) becomes trivial: 

A{y) ^ ky + f {(j)ci{y)) ; (j) ^ (j)ci{y,ai,a2) (14) 

where ai, 02 are the initial parameters of the theory and 
constant k ^ 5D Planck scale as in the RS picture. 
The field equations lO yield 
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In the hmit / ^ 0, y — > — 12M^fc^ — A which gives the 
standard AdSs bulk geometry of RS model. 

/^From Eqs.Q, the boundary values of the brane po- 
tentials and their first derivatives are obtained as 
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At a stable point j/jr = ys, the effective 4D potential 
@ has a vanishing first derivative 
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which at once implies that the second derivative 
d'^Veff/dy^ also vanishes at the stable point ys- The 
third derivative, however, is given at y^^ = y^ as 



d^V, 
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which is, of course, non- vanishing in consistence with 
Eq.ldli). 



Considering, for example 

/ = oi exp{-2a2y) 
we find from Eas. ((T3|) 
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where W = 12fcM^ — 020^. Clearly, one gets back the 
same results as discussed in 13]. 

We now consider a tachyon-like scalar in the bulk [13, 
ll^ . The action is given as 



dPx V-G 



R + V^l-dA 



d^'x V-ffi ^i(0) 



(21) 



where V is the potential of the field. 

With a similar metric ansatz the field equations take 
the form 
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and the corresponding boundary conditions are 
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(23) 



where {i} corresponds to the brane locations at orbifold 
fixed points along the extra direction. 

Proceeding along the same line as in the previous sec- 
tion, we obtain from Eq. 



A" 
2A^ 



V 



12A'^/A'^ - A!' 12. (24) 



Let us now consider the simple solution ansatz as 

A = ky + ai{y-a2f (25) 

where k, oi, a-i are the parameters of the theory. We get 
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These equations imply that ai — gives V = — 12fc 
and (/) = constant, indicating pure RS background. We 
are, however, interested in ai ^ 0, in which case a real 
solution for (j) can be obtained only when ai is negative: 



±(-4ai)~'/' ln[fc + 2ai(y-a2)]. (27) 



After a long but straightforward calculation following 
GW 0, we get 
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So the stable point is at 
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The corresponding metric function, upon setting |ai| = 
rn? , is given by 



A ^ 



Am? 



ka2 - 0.154 



(30) 



It is now clear that one can easily get the acceptable 
hierarchy by appropriately choosing the values of k/m 
and ka2 with the stabilized radius ys- 

Our work clearly reveals an inherent instability in 
Randall-Sundrum two brane model. It is shown that just 
by introducing a canonical scalar field in the bulk, as ini- 
tially suggested by GW, stabilization can not be achieved 
even with an arbitrary potential if full back-reaction of 
the scalar field on the metric is considered. However, 
we also show that in such models the two-brane separa- 
tion can indeed be stabilized if the bulk scalar field has a 
tachyon-like action with respect to the bulk coordinate. 
We finally show that the full back-reacted metric in such 
case can also yield the desired warping from Planck scale 
to TeV scale and thus resolves the fine tuning problem of 
the Higgs mass in a stable braneworld scenario. 
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